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Art of Problem Solving

Do You Know? Scholars Math 9.2: Intermediate Number Theory

If you can solve nearly all of the following problems with little difficulty, then the Scholars Math 9.2:
Intermediate Number Theory course would only serve as a review for you.

1. Compute the largest prime factor of

3(3(333B3BGBEBERE+1)+ 1)+ 1)+ 1)+ 1)+ 1)+ 1)+ 1) +1)+1)+1.

2. Assuming the expression converges, determine the largest integer n with n < 9,000, 000 for which
\/n +vn++/n+...isrational.

3. The sequence 1,3,5,7,9,15,17, ... consists of the positive integers whose binary representation
reads the same left to right as right to left. (Such as 9, which is written as 10015 in binary.) Find the
number of T's in the binary representation of the 1717 term of the sequence.

4. What is the largest positive integer n for which n3 + 100 is divisible by n + 10?

5. Let m and n be positive integers with 1 < m < n. In their decimal representations, the last three
digits of 1978™ are equal, respectively to the last three digits of 1978". Find m and n such that
m + n has its least value.

6. Find all positive integers a, n such that

a™™ — (a+1)" = 2001.

7. Find with proof all primes that are one more than the square of a Fibonacci number.

8. Explain how to generate all ordered pairs of positive integers (z, y) to the Diophantine equation

22— 22 =1

Don't look at the next page until you've attempted all the problems!
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The answers are below.
1. 73
8,997,000
12
890
m=3,n=103
(13, 2) is the only solution.

2 and 5. Proof on next page.
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For a non-negative integer n, let (3 4 2v/2)" = a + b\/2, where a and b are positive integers, then
(a,b) is a solution and all solutions can be generated in this way.
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Proof for problem 7:

The only such primes are | 2 |and .

Claim: For alln > 2,
F,_1F,y1 ifniseven,

2 _
Fotl= { Fy oF,.s ifnisodd.

Proof of Claim: We prove by induction, with a separate induction for odd »n and even n. For the base
cases, note that

F241 = 2=1.2=FF; (M
F24+1 = 5=1-5=FF; 2)

Assume for even n that
F241=F, 1F1.

Now, add F2 ;| + 2F, F,,;1 to both sides:

n

Fl +2F,Fo +Fo+1 = Fy Fpp+Fr ) +2F,Fon
(Fn+1+Fn)2+1 Fn+1(Fn71+2Fn+Fn+1)
F3+2+1 Fn+1[(Fn—l+Fn)+(Fn+Fn+l)]
F3+2+1 Fn-l—l(Fn-i-l +Fn+2)
Fio+1 = FuiFaus

and our first induction is complete.

Assume for odd n that
F241=F, oF, .

Now, add F2 | + 2F, F,,;1 to both sides:

Flo+2F P+ Fi+1 = FyoFua+ Fiy +2FFo

(Fn+1+Fn)2+1 = (Fn_Fn—l)Fn+2+Fn+1(Fn+l+2Fn)
F7%+2+1 = [Fn_(Fn—H_Fn)]Fn+2+Fn+1[(Fn+1+Fn)+FN]
F3+2+1 = (2Fn_Fn+1)Fn+2+Fn+l(Fn+2+Fn)
F2o41 = 2F,Fyio— FuniFryo+ FrpiFugo + FoFo
Fao+1 = 2F,Foo+ FuFon
F73+2+1 = Fn(QFn+2+Fn+1)
F’r?+2+1 = Fn[Fn+2+ (Fn—i-l +Fn+2)]
F’r%+2+1 = Fp(Fut2 + Foys)

F7%+2 +1 = FnFn+4

and our second induction is complete.

*Note that we could also combine the inductions compactly since we are adding the same quantity to
both sides in both cases.
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Now that we have established induction we note that F? + 1 is always the product of two other Fibonacci
numbers. Such a product can be prime only when the smaller of the two Fibonacci numbers is 1.

Forevenn, F?+1=F, 1F,11 = F,_1 =1. F; = F, = 1, but since n is even n = 2, so
F241=F+1=12+1=2.

Foroddn, F2+1=F, oF,.9 = F, o =1.F = F, = 1,but since nis odd n = 3, so
F241=F}+1=224+1=5.

Both 2 and 5 are prime and we conclude that they are the only two such primes.
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Art of Problem Solving is an ACS WASC Accredited School.



